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Problems of the dynamic effect on an isolated c r ack  located in an infinite elast ic  body were solved in 
[1-4]. It is interesting to obtain the solution of dynamic problems corresponding to a more complex geometry,  
and to clar i fy the influence of the presence  of adjacent cracks ,  sys tems  of cracks ,  and the body boundaries.  

INTRODUCTION 

The mathemat ical  description of an elast ic  body is substantially s impler  for antiplane deformation than 
for plane deformation but it accurate ly  ref lects  the charac te r i s t i c  features of the phenomenon. In this case ,  
exact solutions of the limit problems are obtained successful ly  when the c rack  length is much grea te r  than 
ei ther  the spacing between them or  the spacing to the half-space boundary. The method of solution used is 
ca r r i ed  over  to the case of plane deformation without special  difficulties. 

i. SYSTEM OF PARALLEL CRACKS 

An elastic isotropic space containing an infinite number of cracks of lengths 2/0 and 2L which are in 
paral le l  and separated by the spacing 2h is considered.  Under antiplane deformation conditions the single non- 
zero  component of the displacement vec tor  is w =w(x, y, t). Let us introduce the dimensionless var iables  

(L, h, x, y, w > ' =  ( L ,  h, x, y, w)/lo; ~' - ~ / t t ;  t' = to/lo, (1.1) 

where c is the velocity of the t r ansve r se  waves; g is the shear  modulus. We henceforth omit the pr imes  to 
simplify the writing. Then the equation of motion of an isotropic elast ic  body and the nonzero components of 
the s t r e ss  tensor  are 

O~W/ax ~ =, a~w/ay ~ - -  O~w/at 2 = 0; ~= = ow/ag; ~ = awlax. (1.2) 

Let us assume that w=0 everywhere  for t <0, while w =0 and go=0 for  t = 0  and the applied s t r e s se s  Ty z 
are even functions of x. By virtue of s y m m e t r y  of the problem relative to any line passing through one of the 
c racks ,  we shall limit ourselves  to the examination of an infinite s tr ip - h  <y <+ h. The boundary conditions 
for t > 0 have the fo rm 

-- p (x, t), y = h, ]xl < 1, 

~Y~ = ~ p (x, t), y = - -h ,  Ix]< L; (1.3) 
w = O, y =: h, Jxl > 1 and y = --h, Ixl > L. 

P e r f o r m i n g  a L a p l a c e  i n t e g r a l  t r a n s f o r m  in t and  a F o u r i e r  c o s i n e  t r a n s f o r m  in  x, we o b t a i n  fo r  the  e q u a -  
t i o n  of  m o t i o n  (1.2) 

o~/0y~ - (s ~ + p~-)~ = 0, ~ = w(s, y, p). 

The general  solution of this equation is 

w(s, y, F) = A(s, p) sh cry -~ B(s, p) ch ay, r = ~/~" -t- P% 

Substituting it into (1.3), we obtain a sys tem of equations to determine A(s, p) and B(s, p): 

21.~ ~ [A (s, p) shah -~ B (s, p) ch ah] cos (sx) ds - 0, x > l; (1.4) 
0 
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oo 

2/n 1 [ - -  A (s, p) s h a h  ~- B (s, p) ch cd~] cos (sx) ds = O, z > L; 

2/zt i a [A (s, p) ch cth + B (s, p) sh a.h] cos (sx) ds" = --  P (x, p), 0 < x < 1 ; 
0 

2/~ ~ ct [A (s, p) eh ah - -  B (s, p) shah]  cos (sx) ds = -T- P (x, p), 0 < x < L ,  
0 

w h e r e  

o o  

P ( x ,  p) = I 'p(x ,  t)e--Vt dt. 
b 

It is  known f r o m  the t h e o r y  o f  c r a c k s  tha t  the  d i s p l a c e m e n t s  at the  nose  of  the  c r a c k  shou ld  behave  as  
fo l lows :  

w(x, h, p) .-. (t - -  x"-)',,, x = 1 --  e; 

w(x, - -h ,  p) --. (L ~ - -  x~)V*, x = L - -  s; e << t .  

Let us introduce the two functions ~o(t, p) and r p), defined with respect  to t in the intervals  [0, 11 and [0, LI, 
r e s p e c t i v e l y ,  by the  e q u a l i t i e s  

1 L 
_ {' t~  (t, p) w ( x , h , p ) - - } ~ d t ;  w ( x , - - h  p ) =  t' tq;(t,p) dr. (1.5) 

' 2 - V i " -  ~-' 
x x 

Using  (1.5), the  f i r s t  two e q u a t i o n s  in (1.4) can be w r i t t e n  as  

1 

A (s, p) shah  - -  B (s, p) ch ah = ~/2 ~ tc; (t, p) Jo (s.') dt ,.- .~(I)/2; 

L 

- - A ( s , p ) s h ~ h +  B ( s , p ) c h a h =  n/2 f t ~ ( t ,  p) J , , ( s t )d t -  nW/2. 
U 

We hence  f ind A(s ,  p) and B(s ,  p): 

A(s, p) = .~/4. [q) - -  T} sh-~a '*:  B(s, !0 = .~.i.[q~ :- T!  ch--'ah. 

I n t e g r a t l n g  the t h i r d  and four th  equa t i ons  f r o m  (1.4) with r e s p e c t  to x 
we ob ta in  

(1.6) 

(1.7) 

be tween  0 and x, and us ing  (1.6) and (1.7), 

o o  ,~ ,:  

j" aF ~ ~.C 
�9 sin (sz) ds --  t T ~F sin (sx)ds . . . .  i 'p  (.~. !,) d.,z; 

o o 

�9 sin(sx) d s - -  ~-s Ts in ( sx )  d,~-= +- P ( x , p ) d x ,  

(1.8) 

w h e r e  F = cotht rh  + tanhoth; G = co thozh- tanhcrh .  The  f i r s t  equa t ion  i s  va l id  f o r  0 -<x -< 1, and the s e c ond ,  f o r  0 -<x -< L. 

Le t  us  r e d u c e  (1.8) to  two F r e d h o l m  i n t e g r a l  equa t i ons  of  the  s e c o n d  kind.  Let  us  show th i s  by the  e x -  
ample  of  the  f i r s t  equa t ion  f r o m  (1.8). Le t  us  i n t roduce  the funct ion g(s ,  p) by m e a n s  of  the  equa t ion  

r = 1 -r- g(s, p), g(s) N 0(~-':) as s - +  ~ .  (1.9) 

Subs t i tu t ing  it into the  f i r s t  equa t ion  f r o m  (1.8), we ob ta in  an Abel  i n t e g r a l  equa t ion :  

0c 

{" t~  ( t ,  v~ - 
. ! ~ a t  :- t l ( x ) ,  O , ~ x < l ;  
0 

x 1 r  L 

S S aG Yo(st)s in(sx)d$,  t t  ( x ) =  --  S P (x ,  p ) d x - -  i tq~(t, p )d t  i g(s, p )Yo(S t ) s in (sx )ds  -t- t~2(t, p)dt  - ~  
o ~ b o u 

t 
H' (=) d~ 

whose  so lu t i on  is  ~0(t, p) = 2/a j ~ .  Subs t i t u t ing  H'(x) h e r e  and i n t e g r a t i n g  with  r e s p e c t  to x, we ob ta in  
0 
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i L 

~l(t ,  P)-t- y qh(x, p)K2(~, t ) d ~ -  J" r (x, p)KI(x ,  t)dx = - V - t ,  
0 0 

o < t ~ < t .  

We obtain the following comple t e ly  analogous ly  fo r  the second  equat ion f r o m  (1.8) f o r  0-<t-< L: 

L 1 

tpl (t, p) -}- .!' ~p~ (% p) K,~ (~, t) dx --  y (p~ (x, p) KI (x, t) dx = _ l f./, 
0 0 

where  

~Pl(t, ( t ,p)]  2/n0 J ] / ~  j 

K1 (~, t) = V-Ti ~ eG /2. Yo (st) Yo (s~) ds; 
0 

K~ (x, t) = l/-~-t .f g(s, p) sY o (st) "To (sx) ds. 
0 

In the p a r t i c u l a r  e a se  L =1,  Eqs .  (1.10) and (1.11) r educe  fo r  iden t ica l  s igns in the r ight  s ides  to 
t 

0 

K 3 (~, t) = 1/-~ .~ [a th eh --  s] Y0 (st) Yo (st) ds, 
0 

(1 .lO) 

(1.11) 

(1.12) 

(1.13) 

and fo r  d i f ferent  s igns in the r ight  s ides ,  to 

I 

~o~ (t, p) ~- j" qk (% P) Kt ('~, t) d~ = --  ]/-}-, 
0 

K4 (% t) = ] /~"  .f [(z cth ah --  sl Yo (st) Yo (sT) ds. 
0 

(1.14) 

These  equat ions  c o r r e s p o n d  to the p r o b l e m  of  a c en t r a l  c r a c k  in a l a y e r  of  t h i cknes s  2h, whose boundar ies  
are  f r e e  [~-yz =0 (1.13)] and fas tened  [w =0 (1.14)]. 

The  main  c h a r a c t e r i s t i c  of  the p r o b l e m s  of the t h e o r y  of  c r a c k s  is the coef f ic ien t  of  s t r e s s  intensi ty  K 
at the nose  of  the c r a c k  fo r  a s ingu la r i t y  on the o r d e r  of  (Ax) -1/2 (L>--l, Ax << 1). Le t  us  examine  the e x p r e s -  
s ion fo r  ~yz(X, *h ,  p), let us show that  they  have  a s ingu la r i ty  of the needed  o r d e r ,  and let  us find the coe f -  
f ic ien ts  fo r  th i s  s ingu la r i ty :  

cr cr 

xy~ (x, h, p) = S aF/2 �9 r cos (sx) ds --  !' aG/2 �9 T cos (sx) ds, 
o b 

ee ~ 

~y~ (x, --  h, p) = - -  .i aF/2 �9 ~ cos (sx) ds -[- .f aG/2 . (I) cos (sx) ds. 
0 0 

In tegra t ing  by p a r t s  in (1.6), we obtain 
i 

dp= t / s .  [q~ (t ,  p) J~(s) --  S ~' (t, p) tYl(st ) dt]; 
0 

g r = t / s "  [ ~p(L'p)  LJI(sL)- ' i~p'( t 'o  P) tJ l (s t )dt]"  

The second  m e m b e r s  in the e x p r e s s i o n s  fo r  ~'yz ev iden t ly  have no s ingu la r i t i e s .  Taking the non in tegra l  pa r t s  
i f f the  e x p r e s s i o n s  fo r  4, and ,Is and taking  account  of  (1.9), we wr i te  jus t  the  t e r m s  y ie ld ing  the s ingular i ty :  

co 

~y~ (x, h, p) = J" (p (i,  p) ]1 (s) cos (sx) ds § . . . .  
0 
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ca 

�9 ~ ,  (x, - -  h, p) = - -  .f * (L, p) LJx(Ls)  cos (sx) ds + . . . .  
0 

Using the known formula  [5] 

co 

]1 (Ls) cos (sx) ds : -- Vx~__L~ ix -F V ~ '  
0 " 

the coefficients for the singulari t ies  at the heads of the c racks  can be written down: 

Ty z ( l  o -~  h X ,  h ,  p )  "~ (~ (l ,  p) V/--l~0 _ g l  (p) _ PdOx (i ,  p) V~o  (Ax)  - 1 / 2 ,  

�9 ~ z ( L + ~ x ,  - - h ,  p) , -~*~)  1/"~~ ~(~) ~'l'~(~'~),/~,Ax~-~2 
whe re 

(1.15) 

i L 

P1 : 2 /~ !  p(x' p) dx; PL = 2/~ ~ P(x' p) dx Iv.-  

Equations (1.10)-(1.14) were considered numerical ly .  The kernels  of the equations Ki{T , t) (i=2, 3, 4) 
can be written in a form more  convenient for  machine calculations: 

�9 J$<~  

o)~(~) = V t  -F~ 2 t h p h V l  -~ ~ ~ 2~/(4~ ~ -~- ], 

o) i (~)  ~ 0(~ -~) as ~ ~ oo. 

Here I0(x) and K0(x) are cyl indrical  functions of imaginary argument.  It was assumed that p(x, t) =P0 through-  
out in the computations.  

A method to find the inverse Laplace t r a n s f o r m  numerical ly ,  which is elucidated in [6], was used to con- 
s t ruct  the dependences Ki(t) ( i= l ,  2) by means of (1.15). 

As an i l lustration, resul ts  of a computation of (1.10)-(1.12) on an electronic  computer  and the subsequent 
numer ica l  inversion of the Laplace t r a n s f o r m  are represented  in Fig. 1. The dashed curves  1, 2 show the 
values of Kl(t)/(p0~/T 0) and the continuous curves show K2(t)/(p0#~-0). The curves have been constructed for 
L/ lo=2 ,  where curves 1 cor respond  to the ratio l o / h = l  , and curves 2, to the ratio lo /h=2.  The upper curves  
correspond to s t r e s s e s  of identical sign acting on the cracks  and the lower curves,  to s t r e s s e s  of opposite signs. 
In this la t ter  case,  the screening effect of a long c rack  is especial ly  graphic - its p resence  resul ts  in an abrupt 
drop in the value of the s t r e s s - in tens i ty  coefficient at the nose of a short  crack.  The solid lines in Fig. 2 ex-  
hibit the t ime dependence K(t)/(p04~ 0) for l 0 /h= l  (curves 1) and l a/h=2 (curves 2). The upper curves hence 
correspond to free layer  boundaries, i.e., the solution of (1.13), and the lower, to rigidly f ramed layer  bound- 
ar ies ,  i.e., the solution of (1.14). 

The static solution obtained f rom (1.10)-(1.12) as a result  of passing to the limit as p---0, which c o r r e -  
sponds to t ---~,  is shown in Fig. 3. The solid lines show the dependence of the ratio K2/(p04T0 ), on the quantity 
Kl(p0qT-0). Curves 1-5 cor respond to the values / 0 / h = l . 0 ;  0.8; 0.6; 0.4; 0.2, respect ively .  The upper curves  
cor respond  to s t r e s se s  with the same sign acting on the cracks  and the lower, to s t r e s s e s  of opposite signs. 
The dependences of the s t r e ss - in tens i ty  coefficients K/(p0CT 0) of the static problem on the quantity h/1 0, ob-  
tained as a result  of a numer ica l  computation of (1.13) and (1.14) as p - -0 ,  are i l lustrated in Fig. 4. The upper 
curve cor responds  to the condition ~'yz =0 on the layer  boundaries and the lower curve cor responds  to the 
boundary condition w = 0. The solutions constructed agree with the exact solutions of the corresponding static 
problems.  

2 .  A C R A C K  P A R A L L E L  TO T H E  H A L F - S P A C E  B O U N D A R Y  

An elast ic  isotropic hal f -space y>- -h  containing an isolated c rack  of length 2 and located at y=0 ,  I x l  <1, 
is considered.  We assume that at t > 0 the s t r e s s  ry z = ~p(x, t) acts,  respect ively,  on the c rack  at the upper 
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and lower  edges  of the s l i t .  Let  us divide the doma in  u n d e r  c o n s i d e r a t i o n  into two.  The f i r s t  is  the inf in i te  
s t r i p  - h  <y <0. The q u a n t i t i e s  r e f e r r i n g  to it wi l l  have the s u b s c r i p t  1. The s econd  domain ,  which has the 
s u b s c r i p t  2, is the h a l f - p l a n e  y > 0. Then  the boundary  condi t ions  for  t > 0 a re  the fol lowing:  

w(t) = 0 for y : --h, Ix I ~ oo; Tyz:-T-  p (x, t) for y : 0 ,  I x K l ;  

w(l)--  w(2) ~ 0 for y ~ 0, Ix l ~ l :  T(l)y z - -  T(2)y z : 0  for' y ~ 0, [x[~oo. 

We can take 

(2.1) 

T(i)u ~ = 0  for y = - - h ,  I x J ~ o o  ( 2 . 2 )  
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in place of the first boundary condition. The general  solutions of the equations of motion in the appropriate 
domains are 

w(,) (s, y, p) = A1(s , p) sh ~y -~- Bl(s , p) ch ~y; 
II~(2 )" (8, y, D ) : =  A2(s, p)e - ~ .  

Substituting these  into the boundary conditions (2.1), we obtain the sys tem of equations 

J B(s ,  p ) c o s ( s x ) d s = O ,  ]X]>i ;  
0 r 

j" B (~, p) 2~/[i + th ~h].r (=)d~ = ~/2.p (x, p), Ix < ! i 
0 

where 2B(s, p) = Al(s, p)[l ~ th ah]. 

Exactly as before, let us introduce the function q~(t, p), defined in the interval [0, 1] with respect  to t by 
the equality 

i 
f" t~ (t, p) 

w(t) (x, O, p)--w(2) (x, O, p) = ~ _Vt ~ _ x 2 dt. 

Proceeding analogously to the above, we obtain a Fredholm integral equation of the second kind: 

i 

(~1 (t '  P) "~ S ~I(T '  P ) K I ( x '  t)dx = --WT, O ~ t ~  t ,  
0 

KI(T, t) = V-~'~ {2~ [1 + th~h] -1 -- s} Jo(st) Jo(s~)ds. 
0 

(2.3) 

Using the boundary condition (2.2), we obtain 

i 

(P1 (t, p) ~- ~ (Pl (~, P) Ks (~, t) d~ = --  V't, 0 ~ t -~< t,  
0 

(2.4) 

K s (~, t) = ~ ~ {2~ [t -F cth ah] - i  - -  s} Jo (st} "fo (s~) d s ,  
0 
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where  ~l( t ,  p) is defined by (1.11). The  s t r e s s - i n t e n s i t y  coef f ic ien t  fo r  a s ingu la r i ty  at the nose  o f  the c r a c k  
is d e t e r m i n e d  by the e x p r e s s i o n  

K(p) = --e~%(l,  p) 1/~0/2, (2,5) 

where cpl(1, p) is the solution of (2.3), (2.4). For  convenience of a calculation on an e lec t ronic  computer ,  
Ki ( r ,  t) ( i= l ,  2) can be taken in the fo rm (1.16), where the values 

r = 2 V I  + ~ [ t  + t h p h V l  + ~ l - '  - -  ~ --  2~/(4~"- q- 1), 

(o,(~) = 2 1 / t  q- ~2[t + cth p h V  l + ~ ] _ t  _ ~ _ 2~/(4~-'+i) 

mus t  be taken  as wi(~) .  

The sol id  l ines in Fig.  5 show the r e s u l t s  of  a n u m e r i c a l  computa t ion  of  the t ime  dependence of  the ra t io  
K(t)/(p0~" 0) by us ing  the t echnique  of  finding the i nve r se  Lap lace  t r a n s f o r m  n u m e r i c a l l y  fo r  p(x, t) =P0. Curves  
1 c o r r e s p o n d  to the ra t io  / 0 / h = l ,  and cu rves  2, to  / 0 / h = 2 .  The u p p e r  c u r v e s  c o r r e s p o n d  to the boundary  con-  
dition r y z = 0  fo r  y = - h  and the lower ,  to w = 0  fo r  y = - h .  Static solut ions  obta ined f r o m  (2.3) and (2.4) as 
p--- 0 are  r e p r e s e n t e d  in Fig.  6. The u p p e r  cu rve  shows the change in the ra t io  K / ( P 0 ~  0) due to h / l  o with the 
condit ion ~'yz =0 at y = - h ,  and the lower  cu rve  c o r r e s p o n d s  to the condi t ion w = 0 at  y = - h .  

3 .  E X A C T  S O L U T I O N S  O F  T H E  L I M I T  P R O B L E M S  (/0>>h) 

Let  us c o n s i d e r  the p r o b l e m  of  the dynamic  loading of a semi inf in i te  c r a c k  loca ted  c e n t r a l l y  in a l a y e r  
of  t h i ckness  2h. Let  us  p e r f o r m  the same  t r a n s f o r m a t i o n  to d imens ion le s s  quant i t ies  as (1.1) by r ep lac ing  
l 0 he re  by h. The c r a c k  is loca ted  at y = 0  and x <0.  Let  us take 0 <y  <1 as the domain  unde r  cons ide ra t ion .  
The boundary  condi t ions  of  the p r o b l e m  are  the fol lowing fo r  t > 0: 

Ty~ = --Po, Y ~ 0 ,  x < 0 ;  
w -  0, y = 0 ,  x > 0 ;  

%~ = 0 ,  y =  t, [ x [ < c r  

We can take 

in p lace  of  the las t  condit ion in (3.1). 

(3.D 

w = O, y = i, [xl < cr (3.2) 

In addit ion to the boundary  condi t ions ,  the solut ion de s i r ed  should sa t i s fy  
addi t ional  condi t ions  on the edge of  the sli t :  

- - I I 2  
x y ~ N x  , x - -~O,  x > 0 ;  

t/2 (3.3) 
w ~ x  , x - ~ 0 ,  x < 0 .  

Af te r  execut ing  a Lap lace  in teg ra l  t r a n s f o r m  in t and a F o u r i e r  t r a n s f o r m  in x, we obtain an o r d i n a r y  
d i f fe ren t ia l  equat ion fo r  (1.2): 

d2w]dy 2 - -  (L ~ �9 p~)w = O, w = w(~. y, t '), 

where  h = c r + i r  is a complex  va r i ab le ,  and its gene ra l  solut ion is 

w(~.,y,p) ~ A(L, p) sh ay + B(k, p) ch ay,  r = ~ /~  + p% 

Using the boundary  condi t ions  (3.1), we obtain a W i e n e r - H o p f  funct ional  equat ion  for  the unknown funct ions 
~+ and w_: 

--c~ th a.w_(~., p) = z+(L, p) + iPo/(~.p), Po = (2~)-i/2po, (3.4) 

where  

x+ = x+ (2% p) = 

w_ = w_(~, p) = 

c o  

(2n)-~/2 ~ Xuz (x, O, p) elXXdx; 
0 

0 

(2~t)-~/2 S w (x, O, p) e i~ dx. 
- - o a  

Equat ion (3.4) is  s a t i s f i ed  in the s t r i p - y 0  < Imh  <0 (3/o >0), -~o<Rek  <+ ~ of  the complex  k plane,  where  l-+(k, p) 
is a r e g u l a r  f lmction in the domain  Imk > - 7 0 ,  and w_(k, p) is a r e g u l a r  funct ion in the domain Irak <0. Le t  us  
r e p r e s e n t  the funct ion K(k) = a t a n h a  as  the p roduc t  K(k) = K+(k)K_(k), where  K+(k) is a r e g u l a r  funct ion without 
z e r o e s  in the domain Imk >-Y0,  and K ( k ) , i n t h e  domain  Irnk <0. Fol lowing [7], we obtain  
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•+(- z ) =  K_(z), (3.5) 
V I § p~a--2n - 2 -  O~ (nn)- 

K+ (~) = (p -- i~)H V, + ~-----7-(n-.2)-~ - ~--7~-, (--; :- .2)-" 

Using such a representation of K(k), we write (3.4) in the form 

- -  w _  (%, p )  K _  (~) - -  i P o / p  �9 Z -  (%) = "+ (~, P) K +  i (~) -f- iPo /p"  X+ (~) = F (~.), (3 .6 )  

where  

[),K+ (Z)i - i  ---- ~,--' [K~ '  (Z) - -  K ; '  (0)] q- E - ' K ~ '  (0) = Z+ (~) ~- Z -  ()')- 

The left s ide of  the equat ion  is a function which is ana ly t ic  in the domain  Iink <0, while the r igh t  s ide is analyt ic  
in the domain  Im_k > - T 0 .  The function F0Q can be d e t e r m i n e d  on the whole 2~ plane by analy t ic  cont inuat ion,  
where  F(~) will  be r e g u l a r  in the whole )~ plane.  

Le t  us  find the a sympto t i c  of  K+(k) as  X~  ~o and Imh >0. To do this ,  let us  c o m p a r e  the funct ion K 1 (X) = 
K-+ 1 (~)(p - iX) atX =iT to the funct ion  

K 0 (T) = f i t  + ~a- i  (n --  t/2) - i  = TI]/-~. F (~/~t) F - I  (t/2 -b ~/~). 
,t=l t+T(~n)  -1 

It Can be shown that  lira K~(~). K o ' ( Z ) =  1. Using the a sympto t i c  of  the g a m m a  function,  we obtain that  K 0 ( r ) =  

as r  It hence  fol lows that  

K+(~,) = ~/~- for ~ = i~, ~ ~ co. (3.7) 

By us ing  the r e l a t ionsh ip  connec t ing  the a sympto t i c  o f  a funct ion with the a sympto t i c  of  its F o u r i e r  t r a n s f o r m  
[71, we obtain f r o m  the condi t ion (3.3) 

~+(~, p) N X  -1/2 as ~ - + o o ,  h n ~ > - - ? o ;  (3.8) 

w_(~, p ) ~ - ~ / 2  as ~--.-oo, l m } , < 0 .  

The r e l a t i onsh ips  (3.7) and (3.8) p e r m i t  wr i t ing  the fol lowing inequal i t ies :  

[--,~(~,, p)K_(),)--iPo/p.X_(X)] < Ci7,1-*; t m X <  0, P,I-+ co; 

I% (~, P ) K ; '  (~)~- iPo/p .z+ (~')1 < C p,]- ' ;  Im ~, > - -  7 0 ,  [~l "+  c o ,  C =  const. 

Then  acco rd ing  to the g e n e r a l i z e d  Liouvi l le  t h e o r e m ,  the funct ion F(M f r o m  (3.6) equals  ze ro ,  and t h e r e f o r e  

w_(E ,  p) = , .  iPo /p . z_(~ , )  K _ ~  (~,); "% (~, p) = - -  iPo /p . z+ (k) K+ (~,). 

Hence, by using (3.6) and (3.7), we obtain 

�9 + (~, P) = - -  Pc~P" {~-~ - -  K~ ~ (0) ~-~/2} for E = ~,  ~--~ ~ .  (3.9) 

Let us use  the fo rmulas  connect ingthe asymptot ic  of a function to its Four i e r  t r a n s f o r m  [71: 

�9 ~ ( z ) ~ A x n ,  x--?-0, x > 0 ;  
�9 +(~,) ~ A(2~)-t/2F(t 4- ~l)e ni(t+n)/2 ~ - l - n ,  ~, --~ co. 

As follows f r o m  (3.9), X = i t ,  V = - l / 2 ;  hence,  A equals  the s t r e s s - i n t e n s i t y  coeff ic ient  K(p) fo r  a s ingu la r i ty  
on the o r d e r  o f  (Ax)'~/~ 6~x << 1) at the nose  of  the c r a c k  

K, (p) ---Pc/P" :r-xfzV-pc-~p . (3.10) 

I f  (3.2) is t aken  in (3.1) in p lace  of  the last  boundary  condit ion,  then the solut ion of  the p r o b l e m  is c a r -  
r i e d  out the  s a m e  and the s t r e s s - i n t e n s i t y  coef f ic ien t  is hence 

K~(p) = po/p. a-t/~']f P th p.  (3.11) 

The p r o b l e m  of dynamic  loading of  a semi inf in i te  c r a c k  p a r a l l e l  to  the boundary  of  a h a l f - s p a c e  s e p a -  
r a t e d b y t h e  d i s t ance  h = l  is l imi t ing  when l 0 >>h fo r  the p r o b l e m  c o n s i d e r e d  in Sec.  2. The d o m a i n - l <  y < ~  
with a sl i t  at y = 0 ,  x <0 is c ons i de r e d .  As above, this  domain  is s e p a r a t e d  into two,  the f i r s t  with the sub -  
s c r ip t  (1) 0 > y > - 1 ,  and the second  with the subsc r ip t  (2) y > 0, ix [ < % The boundary  condi t ions  are  the fo l -  
lowing fo r  t > 0: 

w(,) = O, y = - -  l ,  Ix I < zo ; 
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�9 (~)~z = - -  P0,  y = 0 ,  x < 0;  

�9 (,)~ - -  ~ ( ~ ) ~  = 0 ,  g = 0 ,  Ix[ < ~o  ; 

v = w ( ~ ) - - w ( 2 ) = O ,  y = 0 ,  x > 0 .  

(3.12) 

We can take 

r( i )~z  = 0 ,  g = - - 1 ,  Ixl < ~ ( 3 . 1 3 )  

in place of the f i r s t  boundary condition. The W i e n e r - g o p f  equation for  the boundary-value  p rob l em (3.12) will 
be 

at[l + thc~l--~v_(~, p) = ~+(~, p) + iPo/(~.p). 

The solution is c a r r i e d  out as above; hence,  

K(~.) = ~t [t + th  r 1-' = K+(~)K_(k), K+(--~) = K_(~,), 

K+ (~) = VP --  i~ e -~(x)+~/~''" [v-k-~+~)]  f I  [Vt  + p~n -2 (n - -  i/2) - z  - -  i~u - '  (n - -  t/2) -~] e'~/-(--~/2); 
n=i 

r (X) =-iX/~r" { 1 - C  + ln[Tr/(2p)]}; C = 0.5772... is the Eu le r  constant .  The function r ('A) is defined in such a man-  
ne r  as to a s su re  the a lgebra ic  o r d e r  of the behavior  of K+ (X) as X~ ~. 

In this case  we obtain the following exp re s s ion  for  the s t r e s s - i n t e n s i t y  coefficient:  

Ka(p) = pop-"(2(2n)-~/2e p/2 ch -'/* p, (3.14) 

and by using the boundary condition (3.13), 

Ka(p ) = pop-.~!2(2~)J/2ev/2 sh-,/2 p. (3.15) 

Using the re la t ion  between the asympto t ic  of a function and the asympto t ic  of its Laplace  t r a n s f o r m  [71, we ob-  
tain f rom (3.10), (3.11) and (3.14), (3 .15)that  Kl(t) =P0t/,/-~, K2(t)=p0/q-~-, K3(t)=P0t/C~,K4(t)=p0/Tr" 2~r~'as t ~  ~. 
Inver t ing the Laplace  t r a n s f o r m s  in (3.10), (3.11) and (3.14), (3.15), we obtain 

K~(2)(t) =(po/=)2P~/-[t +H(t--2)@ ( t /2 )H( t - -  ~) • ( t /2)H(t  - -  6)3. . .] ,  
(3.16) 

K3(~)(t)=(po/n)2~f~[i +_ (l/2)H(t -- 2) @ (3/8)H(t - -  4) + (5/|6)H(t , -  6) @ ...], 

1, t > k  
where H ( t - -  k) = 0, t <  k, and the lower  signs in (3.16) co r respond  to K2(t) and K4(t). As is seen f r o m  the solu-  
t ions obtained for  t - 2, i .e. ,  although a re f l ec ted  wave has st i l l  not a r r i v e d  f r o m  the body boundary,  they agree 
with the exact  solution for  a semiinf ini te  c r a c k  in an infinite e las t ic  solid K(t) =pJ~r .  2~rt [11. 

The exact  solutions (3.16) obtained are  shown by the dashed l ines 3 in Figs.  2 and 5 f o r / 0 = 2 h .  The solu-  
t ion for  a semiinfini te  c r a c k  in an e las t ic  body is shown by the dashed l ines 4 in Figs.  2 and 5. I f  the ra t io  
between the m a x i m u m  value of the dynamic and s tat ic  s t r e s s - i n t e n s i t y  coeff icients  is 1.27 [4], then as follows 
f r o m  a compar i son  between the curves  cor responding  to the dynamic loading with t he i r  appropr ia te  cu rves  
for  the s ta t ic  p r o b l e m s ,  it is seen that  this  ra t io  depends on the geome t ry  of the p rob l em and can be subs tan-  
t ia l ly  l a r g e r .  
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